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Abstract

We derive some explicit expressions for correlators on Grassmahiafi”) as well as on
the moduli space of holomorphic maps, of a fixed degtefgom sphere into the Grassmannian.
Correlators obtained on the Grassmannian are a first-step generalization of the Schubert formula
for the self-intersection. The intersection numbers on the moduli space for2, 3 are given
explicitly by two closed formulas, when= 2 the intersection numbers are found to generate the
alternate Fibonacci nhumbers, the Pell numbers and in general a random walk of a particle on a
line with absorbing barriers. For = 3, the intersection numbers form a well-organized pattern.
© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The classical Schubert calculus computes intersection numbers on Grassmanoiahs
of complex--planes inC" by using the Giambelli and Pieri formula [1-3]. Itis due primarily
to Schubert more than a 100 years ago to obtain the number,

/ xr(n—r) _ 12131 (r =2V = DI(r(n —r))!
G (C™) T —-—r+ D=1

known as the degree of the Grassmannian or the self-intersection of the first Chern class
x1, of ther-plane bundleQ on G,(C"). Geometrically speaking this number corresponds
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to the number ofr — 1)-planes inCP*~1 meetingr(n — r) generaln — r — 1)-planes, in
particular forr = 2 there are two lines meeting 4-given line<dRS.

Our goals in this paper are twofold, first we would like to extend the above formula to
other correlators that are products of Chern classeks < i < r. In this direction, we use
the pairing residue formula that computes the correlators in topological Landau—-Ginzburg
theories [4] and the explicit formula for the potenti&l(x;) that generate the cohomology
ring [5] to do some explicit computations on the Grassmannian. The different intersec-
tion numbers obtained show a certain pattern amongst themselves and is formulated in a
proposition which in turn lead to the closed formula fgg(C,I)xi(”_”_rk’*le’*l.

The second goal is to carry out similar computations on the space of holomorphic maps of
afixed degreé from a Riemann surface of genus zé@P") into the Grassmannia®, (C").
Formally, both computations use the same formula [4,6], the difference between the two
cases is that the potential in the second case is a deformed pot&ntialand is connected
to the previous potential bW (x;) = W (x) + (—1)"gx; [7]. This potential reproduces the
guantum cohomology ring of the Grassmannian [8]. The concept of deformation of the
cohomology ring was first observed in [9] in connection with@® model. On the space
of holomorphic maps fron€P* into G, (C"), we have two closed formulas fer= 2 and
3 for anyn. Whenr = 2, the intersection numbers generate well-known numbers like the
Fibonacci numbers and the Pell numbersrioe 5, 6, respectively, and when > 7, the
intersection numbers generate a random walk of a particle on a line with absorbing barriers
[10,11]. Our closed formula for the intersection numbers on the space of holomorphic
maps intoGz(C"), when restricted to constant maps, gives all the intersection numbers
on G3(C"). Some intersection numbers on this space were computed avkeé and for
degrees 1 and 2. We find that these numbers organize themselves in an ordered pattern, it
seems that the intersection numbers on this moduli space is a zoo of interesting numbers.
This fact is already presented on the GrassmannlafC”); if we setN = n — r in
the Schubert formula, we obtain the generating functions for-ttenensional Catalan
numbers [10]. When = 2, we obtain the ordinary Catalan numbé&za/)! /(N + 1)!N!

This paper is organized as follows. In Section 2, after a brief account of the cohomol-
ogy ring of the Grassmannian, the pairing residue formula which computes correlators in
N = 2 topological Landau theories, and fixing our notations, we compute some intersec-
tion number on the Grassmanniah (C") from which we obtain closed formula for the
correlators. Sections 3 and 4 will be devoted to computations of correlators on the space of
holomorphic maps fror®P! into G,-(C™), in which we find connections between intersec-
tion numbers, Fibonacci numbers, Pell numbers and the random walk. Our conclusions are
given in Section 5.

2. Intersection numbers on a Grassmannian
In this section, we shall first recall briefly the definition of the cohomology ring of

the Grassmannia@,(C") in the Landau—Ginzburg formulation [9,12,13] and the pairing
residue formula of theV = 2 topological Landau—Ginzburg model that computes the
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correlators [4]. We then use the specialized form of “the pairing residue formula” and the
explicit expression for the Landau—Ginzburg potential in terms of the generatdrs<
i < r) of the cohomology ring of the Grassmannian [5] to compute some intersection
numbers. The intersection numbers computed are exactly those obtained using the Schubert
calculus [2,3]. These computations show that the two-point fun¢tihx;2) on Go(C™th
is equal to the two-point functio(xi‘lxgz_l) on G2(C™). In general, the-point functions
on G,(C™t1) and G, (C") are related in the same way. This fact will be proved in the
proposition below and as a consequence we obtain an explicit expression for the two-point
functions onG, (C") involving the Chern classeg andx,.

The cohomology ring of the complex Grassmannian manifold, denoteé#iog , (C"))
is a truncated polynomial ring in several variables [14] given by

C[-xla"'7-xrvlyla"'7yn—r]’ (1)
wherex; = ¢;(Q) (for 1 < i < r) are the Chern classes of the quotient bur@lef rank
roi.e.x;i € HE(G,(C")) andy; = c;(S) (for 1 < j < n —r) are the Chern classes of the
universal bundles of rankn — r. The ideall in C[x1, ..., X/, ¥1, ..., Ya—r] IS given by

H*(G,(C") =

QA+x1+x2+-+x)A+y1+y2+-+yu—r) =1, (2)
which is the consequence of the tautological sequenag, ¢6")
0O—-S—>V—->0-0,

whereV = G,(C") x C". By using Eq. (2), one may rewritd*(G,(C")) as
Clxa, ...,
w Gy = Pl (3)
Yj
wherey; are expressed intermsf, andy; = 0forn—r+1 < j <n,andxo = yo = 1.
The classes; can be written inductively as a functionof, . . ., x, via
yj=—Xx1yj-1— - —xjayi—x; forj=1...,n—r 4

In the Landau—-Ginzburg formulation, the potential that generates the cohomology ring of
the Grassmannian [9,12,13] is given by

Wn+l(-xlv ] x}’) = Z qj s (5)

wherex; andg; are related by
Xi= Y quan - (6)
1<li<lp---<l; <r
The cohomology ring of the Grassmannian is then given by
OWpta

=(=D"ypy1; forl<i<r, 7)
axi
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implying thatdW,,.1 = 0fori =1, ..., r. Interms of they;’s [5], the explicit formulas
for they;’s and the cohomology potenti#f (xy, ..., x,) are

[j/2] Li/r] (— l)k1+2k2+ A+ (r—D)ky—1

=Y )

k1=0 ky_1=0

= itk )!
( Zl 1 L) Jj— 2k17 |’k, 1 kl xkrfl

kyq!

X x .. 5 8
(= Xialk—a)t . Y
[n+1/2]  [n41/r] (—1ykr+2kat -+ =Dk
Wpp1(x1, ..., xp) = Kl kg
k1=0 ky—1=0 v =t
(n - X2k )!
y xn+1—2k1—-.~rkr—1x/2<1 cxkel ()

(7 + 1= 30! '

The self-intersection numbers’(" ’)) and other correlation functions on the Grassman-
nian G, (C") of products of monomials in the cohomology classgd < i < r) such

that the total power of this product is the dimensiorGe{C), i.e.,r (n — r), may be com-
puted using the residue pairing formula [4]. This formula computes the correlators in the
topological Landau—Ginzburg theories, which for genus zero, reads

N N
e\ o \N(V=1)/2 [[is1Fi(x))
<]‘[F, (x./)> = (-1 Yo el

i=1 dw=0

— (VW=D 7§ 7§ ds - - del—[?/:lFi(xj)7 (10)
(zm)N NW - IyW

where F; (x;) are polynomials in the superfields, H = det(0;d; W) is the Hessian and
the summation on the right-hand side in the first expansion is over the critical poifts of
In this section, the maps from sphere iitp(C") are considered constant, i.e., the moduli
space of instantons is nothing but the GrassmangiafC”) itself, and the correlators
are the intersections of the cycles ov@r(C"). Therefore, the residue pairing formula
reads

n+1—2ky—---rky,_1 kl kr 1
( X1 T )
n+l 2ky—-rky—1 k1 ky_1

1y —D/2 .
_ v 7§ ?{ Yp N (11)
riy W oW

The closed formfor these correlators is, in general, notknown, exceptfor the self-intersection

(x 1(" "y, which was given by the Schubert calculus [1-3] (also called the degree of the

L This is a natural parameterization for the powers,&$ since the total power sums upite — r), otherwise
the correlators vanish.
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Table 1
Intersection numberg’ on Go(C") forn =4,5,6,7
n k
0 1 2 3 4 5

4 2 1 1
5 5 2 1 1
6 14 5 2 1 1
7 42 14 5 2 1 1
Grassmannian) and has the following expression:

(") = (r(n = 1)) H (12)

r—I—K)'

In particular forG(C%), the self-intersectionxf), is 2which is the number of lines meeting

4 given lines inCP%, and in general the right-hand side of the above equation gives the
number of(r — 1)-planes meetingv = r(n — r) given (n — (r + 1))-planes in general
position inCP"~1. The simplest non-trivial Grassmannian for which the residue pairing
formula can be used i62(C*). Here the potential that generates the cohomology ring
(intersection ring)H*(G2(C*) is W (x1,x2) = £x3 — x3x2 + x1x3 and the possible
correlators am‘(ax4 2% ") where 0< k < 2. Applymgthe residue pairing formula, we have

d d
() %x5) = 2 %?g - (13)
(zm) (x§ — lexz + xz)( X3+ 2x1x0)

ExpllClt computation fork = 0, 1, 2 gives @ow = 0 forxz = 2x1)(x1) = 2, (xlxz) =1
and (xz) 1, which agree with the Schubert calculus [3]. In the same way, we have
computed the correlato’ = 2(" 22 xk) forn = 5,6,7, onGo(C™) andl! , =

(xf("_S)_Zkl_Sklez‘lxgz) on Gg(C”) for n = 5, 6, 7 and the results obtained are indicated
in Tables 1 and 2.

We have checked our computations using the propBey, (H) = wu, wherepu is the
criticality index of W [4], i.e., the dimension of chiral rin@ = C[x,]/dW, The above

computations orG(C") and G3(C™) indicate that we should ha\(e1 x2 )Gz(cm) =

-1
(252 Y Gpomy (552x53) gy oney = (5 2x52x53 Y yccn and, in general,

(xi‘lng . xrr>Gr(C"+l) = (xglng_..x;lr_ >Gr(Cn)
with 7~ la, = r(n—r). Thisis indeed the case as we shall show in the proposition below;
but first we need the following lemma.

Lemma 1. Given an inclusion : Z — X (non-singular subvariedywith dim¢ X —

dim¢ Z = r = n — m and suppose there exists a complex vector bundle E on X such
that E|; = Nz x (normal bundle of Z in Xanda € H?"(X) = H?'~%(X), then
i*(a) = aX,(E).
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Table 2
Intersection numbens;’l‘k2 onG3z(C") forn =5,6,7
(k1. k2) 2, (k1, k2) 2, (k1. k2) I,
(0,0 5 (0, 0) 42 (0, 0) 462
1,0 3 1,0 21 1,0 210
2,0 2 2,0 11 2,0 98
3,0 1 3,0 6 3,0 47
L1 1 ©, 1) 5 0, 1) 42
0,1 1 4,0 3 (4,0) 23
©,2) 1 11 3 L1 21
2,1) 2 5,0 11
(©, 2) 1 2,1 11
1,2 1 3,1 6
0, 3) 1 (6,0) 5
©,2) 5
4,1 3
1,2 3
2,2 2
0,3 1
O, 4 1
1,3 1
3,2 1

For simplicity, consider the cagg,(C") — G(C"t1), and let**1Q and” Q denote
the quotient subbundles @y (C"1) andG2(C™), respectively, both of rank 2. Then, the
induced pullback gives*("*1Q) = "Q, furthermore’*1Q|g,cn) = NG, (cny.Go(Ccrtly-
The above remarks on the intersection number&e(C”), Go(C"+1) computed by the
residue pairing formula are equivalent to the following proposition.

Proposition 1. The correlators onG(C*t1) and Go(C") are identical in the following
sense

(1 (T2 (L)) = (1 (" Q)P xp (" 0)F). (14)

Proof. Settingx1("Q)% 4% = U, x1("t1Q)2 4% = U/, x2("Q)*¥ = V* and
x2("Tr0)¥ = v’ applying the above lemma¥(«) = ax,("*1Q) with r = 2 then
i*(U'V'*y = (U'V*)V' = U'V**1 and by using the homomorphism of the pullback, the
left-hand side i4JV, hence the proof of the proposition. d

The above proposition can be generalized to correlato€s.9a™), namely, we will have
the following:
<xl(ﬂ+1 Q)r(n—r)—2k1—3k2—--A—rk,.,1x2(11+1 Q)kl ey (n+l Q)kr,1>
= (") " TATSe T g (oY L, (P Q). (15)

As a consequence of the proposition, we have a closed formula for the two-point functions
on G,(C"), containingx1 andx, given by
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r—1

e R Ay eI |
=0

1
n—k_1—1+0V

(16)

which is obtained from the self-intersection formula equation (12) simply by the shift
n — n — k,_1. In particular, onG2(C"), we have the following closed formula:

on—dk ey (2(n —2—k))!
{x1 Y2l = n—k—=2n—k—-1! °

This particular case, that we denote Ky was also obtained using topological Kazama—
Suzuki models based on complex Grassmannian [15]. If wk.set=n — r in Eq. (16),

one obtaingx)!~") = fGr(C,,)xffl = 1 as was shown in [9]. The closed formula given
by Eq. (16) is consistent with the proposition above, since the formula is automatically
invariant under the shifte — n + 1 andk, — k, + 1, which in turn gives the two-point
function onG, (C"t1).

3. Intersection numbers on the space of holomorphic maps to a Grassmannian

Here and in the next section we will give two explicit formulas for the intersection num-
bers on the space of holomorphic maps of degrizem CP* into G, (C") for r = 2, 3. This
space of maps is denoted bipl;(CP* — G,(C")), the space of instantons of degiée
The intersection numbers ¢ol, (CPt — G, (C™)) will be computed using the deformed
potential VT/,,H(xl, ceyXp) = Wpga(xa, ..., x) + (—1)"gx that reproduces the quan-
tum cohomologyH;* (G, (C™), C) = Clx1, ..., xr, g1/ (@Wyy1/0x1, . .., dWyy2/9x,) [9].
This means that we will use formally the same formula for the intersections on the Grass-
mannian carried out in Section 5, however, the objects inserted in the correlators are the
pullbacks of the cohomology classes (Chern classes) to the parameterizing space of holo-
morphic maps of degre#. These will be denoted again by(1 < i < r) such that the
total power of the product of these classes is the dimensidfaogf(CP! — G,(C")),
which is,r(n — r) + nd[16]. We will see that the intersection numberstéol,; (CP* —
G2(C™)) generate alternating Fibonacci numbersifoe 5, the Pell numbers for = 6,
and forn > 7 the intersection numbers generate a random walk of a particle on a line
with absorbing barriers [10,11]. The self-intersection formula(&fr‘”_z)”d), which is
a special case of our two-point function given belowkol;(CP! — G2(C")) agrees
with that computed in [6] fom = 5. We have also checked the geometrical meaning
of the quantum correction [17] associated with the topologicathodel onCP! with
values in the Grassmannia®, (C"), in which computing correlators oHol,(CP! —
G,(C™)) is equivalent to doing computations biol;_1 (CPt — G,(C™")) provided we set
XrYn—r = 1.

In the following, we first write the correlators dtol;(CP! — G,(C")) in terms of the
Chern rootsy; [9,18,19], then we will compute explicitly the formula for the intersection
numbers for = 2, 3. The computations oHol; (CP! — G3 (C™)) are lengthy we will
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only give the final formula. The correlators éfol;(CP* — G, (C™)) are given by
<xr(nfr)+nd72k1—mrk,,1xk1 . xk,,;[)
1

2 r
r(k—r)+nd—2ky—--—rk._1 k1 kr—1
x x .. .x
— (=1 r(r=1)/2 1 2 r 18
(-1 Z - : (18)
de+1:O
where the summation is over a finite number of critical point%il(xl, ...,x;) and
h = det(3;9; W). In terms of the Chern rootg, the potential is given by
~ r q_rl+1
L) — L —_ T,
Wasa(a) =) -t + (=D'gi (19)

i=1

The Hessian in terms of thg’s on the critical points [9] is

det| W+t = det kil A2, (20)
0q;9q; | - 0x;0x;
J de+1=O J

whereA = ]_[j<k(qj — qx) is the Vandermond determinant which is the Jacobian for the
change of variables frony,; to x;. Therefore, the Hessian in terms of the Chern roots is
given by

32w q1, ..., q)" L
:|=n(611 - qr) . 21)

h(q1,-..,qr) = det
(1 qr) [ax,-axj >

Since the Vandermond determinant vanishesjfor ¢;, the summation over the critical
points given by Eg. (18) involves only distinct roatg1 < i < r) of the polynomial of
degreer, ofthe formd¥,,, 1 = x"+(—1)" and hence the product of the roots satisfy the iden-
tity (g1---¢q,)" = 1.Byusingthefactg] = —1,i =1,2,x1 = q1+¢g2,x2 = qig2forr =

2 and making the change of variablgs= w&; with " = —1,£" = 1, the two-point func-

tions onHol, (CP! — G»2(C")), that we denote b kl’d, in terms of the new variablés are
. (2n=2)+nd-2k &
2(n—2)+nd—2k
D D
dw=0
(_1)d+1
~ T om?

> [ +&)?
§'=161#8

—4g187] (1 + £2)21mD N2 (g o)kt (22)

where a factor% was inserted in order to avoid overcounting, sincextti® are symmetric
in theg;’s. The restrictioré; # &> can be lifted provided we subtract from the sum terms
with &1 = &. In our case these terms do not contribute, therefore, we obtain

2(n—2)+nd—2k _k
(xl x2)

(_1)d+1
-2

1
= D 1+ &) — 4aa&l 6 + &)X H @g) T (29)

£=1
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If we setz = 5152‘1 in Eq. (23), then the above summation will be over a simgteroot of
unity z, i.e.,

2n—2y4nd-2k , (D1 2 2(1—2)+nd—2k ;_\k+1
(x] ) = o [+ 27~ &](1+2) (2)

2
2 nc i
:(_1)d+1E Z(Zn_2+nd_2k>zf+k+l
2 nz”:1 >0 ¢
2n —44+nd— 2k ,
_42 ( ” ) ZZ +k+2 ) (24)
>0

The summations afé+*+1, z¢+k+2 gver thenth roots of unity are non-vanishing only?if
L+ k+1=nqg ¢ +k+ 2= nd. Finally, explicit computation yields

2(n—2)+nd—2k _k
<xl(n ) x2>

d+1 _ _ _ _
_( 1; 3 |:<2n 2+nd 2k>_4(2n 4+ nd %)} 25)
geilz. ) gn— (k+1) an— (k+2)
If we setk = 0 in the above formula, then we obtain the explicit formula for the self-
intersection ool (CPt — G2(C™)), on the other hand, settinly= 0 gives the two-point
functions onG,(C™) obtained in the previous section (Eq. (17)). Using conformal field the-
ory, an expression for the self-intersection ldol; (¥, — G2(C®)) was obtained [6],

where X, is a Riemann surface of gengsWhen the genug = 0, this formula can be
written as follows:

B 5(d+1) 5(d+1)
1 5+1 5-1
F(,d) = NG (‘/_; ) + (=1 (*/_T)
~ i B \/5 1 5(d+1) B 1_ \/5 5(d+1) (26)
o V5 2 2 ’

which is the well-known Binet's formula for the Fibonacci numbgeg; 1) [20]. We have
checked for many values dfthat this formula agrees with ours, and therefore we should
have the following mathematical identity &tol;(CP — G2(C®)):

(—ptt 8+5d 6+ 5d
() = > qe{lXZ: }[(56] B 1) - 4<5q B 2)} = F5(a+1). (27)

By an explicit computation for the two-point functions Biol;(CPt — G2(C®)), see

2We have used the identity, _._,z" = n, if » = 0modn), and vanishing otherwise.
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Table 3
Intersection numberg"™ forn = 4,d = 3,4;n =5,d =2,3andn = 6,d = 2,3
k ;® it p? p® p? ®
0 128 512 610 6765 9842 265720
1 64 256 233 2584 3281 88573
2 32 128 89 987 1094 29524
3 16 64 34 377 365 9841
4 8 32 13 144 122 3280
5 4 16 5 55 41 1093
6 2 8 2 21 14 364
7 1 4 1 8 5 121
8 0 2 1 3 2 40
9 1 1 1 13
10 1 0 1 4
11 1
12 0
Table 4
Intersection numberﬁf’d forn=7,d=12andn=8,9,10,d =1
k it 1 pt pt ot
0 2380 147798 15504 100947 657800
1 728 45542 4488 28101 177859
2 221 14041 1288 7752 47562
3 66 4334 364 2108 12597
4 19 1341 100 560 3264
5 5 413 26 143 820
6 1 131 6 34 196
7 0 42 1 7 43
8 14 0 1 8
9 5 0 1
10 2 0
11 1
12 0

Table 3 for variougk and for fixedd, one can see that we should have the identity

(22 k) = Foasn-2k. (28)

The intersection numbers given B¥%,+1)—2« correspond to the alternate Fibonacci num-
bersforO< k < [g(d+1)] with d fixed, and fork = [g(d+1)] the intersection numbers are
equal to 1 or 0 depending on whether the degree of the holomorphicdisesen or odd.

This seems to hold for every Forn = 4, the intersection numbekpl,; (CP! — G2(C%))

are powers of 2, as one can see from Table 3x~ar6, we obtain two possible sequences

of Pell numbers [10], whed is odd the general term %(3’” — 1), and the other sequence
given by%(sm +1) for even degree. In general, for> 7, the intersection numbers generate

a random walk with absorbing barriers [5,10]. This is a one-dimensional random walk, in
which the particle starts at point 1 and arrives eventually at the poitite particle may
never visit 0, i.e., the points 0 amdare absorbing barriers this happens when the degree is
odd. When the degregis even, the intersection numbers generate a random walk on a line

for a particle that starts at point— 1 (see Table 4).
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4. The correlators onHolz(CP! — G3(C™))

In computing all the correlators drol;(CP* — G3(C")) that we denote by,:’l’izwe
follow the same technique as for the two-point functions computed in Section 3. Using
Egs. (18) and (21) and after some algebra, the correlators can be written as

<xi3(n—3)+nd—2k1—3k2x12(1x§2)

1
=—3 Y (@1—42%(92 — 43)%(91—43)%(q1 + 92 + 43

q'=1,i=1,2,3

)3(n—3)+nd—2k1—3k2

x(q192 + 9193 + 4293)"* (q19293)** ™

1 2 N2V & ke
5 B OOREOE)
6 Z "}SJX_:O( ) s t : 02:0 £ 0 (x —y)!

p.qeil2.. pr
1 1 2
- 2
X[(Z)!(w)! * (z+2)! (z+1)(w_1)!:|’ (29)

where

w=qn— (' +ka+1+1),

x =3 — 3) + nd— 2k — 3ko,

y=@+qon—C +0"+ki+2ky+4+s+1),

z=pn— (k1 +kx+s+3-10"). (30)

If we setd = 0, k1 = k2 = 0 in the above formula, then we obtain the number

mo_ 260 -3)
00 7 m=3)n—2)(n— D!’

which is the self-intersection formula fmf(”_3)) on G3(C™) given by Eq. (12). We also
have checked that the above formulados 0 gives the intersection numbers@g(C®) and

Table 5

: 6,1
Intersection numberg’ ",
k1 k2

0 1 2 3 4

0 2730 341 43 6 1
1 1365 171 22 3 0
2 683 86 11 1 0
3 342 43 5 0
4 171 21 2
5 85 10
6 42 5
7 21
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Table 6
; 6.2
Intersection numberg’
k1 k2
0 1 2 3 4 5
0 17476 21845 2731 342 43 5
1 87381 10923 1366 171 21 2
2 43691 5462 683 85 10 1
3 21846 2731 341 42 5 1
4 10923 1365 170 21 3
5 5461 682 85 11
6 2730 341 43 6
7 1365 171 22
8 683 86
9 342 43
10 171

G3(C®) and therefore setting = 0 in Eq. (29), we obtain the formula for the intersection
numbersl,?bk2 on G3(C™).

Let us check the implication of the geometrical meaning of the quantum correction
[17] using our formula (Eqg. (29)). As was mentioned in the beginning of this section, the
quantum correction implies that correlatorskml, (CPL — G3(C™")) are identical to those
onHol,_1(CP* — G3(C™)) provided we setzy,_3 = 1. This can be seen by considering
the following simple example: suppose we want to evaluate the corre}e{to,fxgyg)dzl,
whereys = x$ — 2x1x2 + x3. Then using the results indicated in Table 5, wh@fr% =171,

Ig’ll = 86 and 13,21 = 22 we have(x{xox3y3)a=1 = 21 which is (x{x2)q—0 = Ifo
(see Table 2).

5. Conclusion

In Section 2, we obtained a closed formula for the two—pointfunctdmﬁg_’)_rk"lef‘l)
on G,(C") given by Eq. (16). When we set= 2, two-point functions orG,(C") are
obtained. Also, all the correlato(sf(”_”_Zkl_gklez‘lx’gz) on G3(C") are obtained by re-
stricting our formula on the space of holomorphic maps of dedreeconstant maps, i.e.,

d = 0. The closed formulas, obtained here are extensions of the Schubert formula equation
(12) that computes the self-intersectipcri(”_’)).

In Section 3, we obtained an explicit formula for the two-point functions on the space of
holomorphic maps of degrekfrom CP! into G»(C"). This formula generates well-known
numbers like the Fibonacci numbers for= 5 and the Pell numbers for = 6 [10].
However, whem > 7 the formula generates a random walk of a particle on line with
absorbing barriers [5,10] that starts at the point 1 and eventually reaches the bt
is odd. Whend is even the particle starts at the point- 1 (see Table 4 and [11]). At the
moment, we do not understand this connection. It would be nice if this can be understood
from both mathematics and physics.
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Also on the moduli space of holomorphic maps iGtp(C"), we have computed inter-
section numbers using Eqg. (29), these numbers follow well-organized patterns forngiven
Forn = 5, the intersection numbers are given by the Fibonacci numbers, this is expected
sinceG3(C®) andG»(C®) are dual to each other. Setting= 6, one obtains a pattern like
that in Tables 5 and 6 for any degréeForn = 7, we have found sequences of numbers
such that the ratio of any consecutive numbers behave like that Af,,, thenth Lucas
number by therth Fibonacci number, which is known to ké5.
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